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Abstract

This paper deals with the direct identification of mechanical parameters that govern the in-plane constitutive law of

orthotropic materials. Those parameters are extracted from heterogeneous strain fields that occur in a short beam

specimen tested in a Iosipescu fixture. The procedure used is the virtual fields method with special virtual fields. The case

of linear elasticity is first addressed. It is shown that the parameters are directly extracted with this method: no iterative

calculations are required. The stability is also discussed in different cases. A non-linear shear response is then con-

sidered. The parameter that governs this non-linearity is also directly identified with the special virtual fields. � 2002

Elsevier Science Ltd. All rights reserved.
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1. Introduction

The determination of stiffness parameters for anisotropic materials like composites is more complicated
than for isotropic materials: the number of parameters is higher and difficulties in obtaining homogeneous
strain fields give rise to some problems in the experimental procedures. A promising way for a better
measurement of those parameters consists in performing unusual tests that give rise to non-uniform strain
fields. All the unknown parameters are expected to be involved in the strain field: they can therefore be
identified if a suitable strategy is used since no closed-form solution is generally available. Extracting the
stiffness parameters from natural frequencies of vibrating plates is one of the most popular procedures
(Ayorinde and Gibson, 1993; Deobald and Gibson, 1988; Mota Soares et al., 1993; Araujo et al., 1996;
Frederiksen, 1997; Cunha and Piranda, 1999; Okada et al., 1999). Extracting the parameters from heter-
ogeneous strain fields that occur in static tests has been also proposed in the literature (Prabhakaran and
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Chermahini, 1984; Hendricks, 1991; Gr�eediac, 1989). In this last work, it is proposed to process the mea-
sured data with a particular use of the principle of virtual work. This global equilibrium is written with
specific virtual fields, allowing the determination of the stiffness parameters. During the last decade, this
approach has been successfully used in different cases of anisotropic material characterization (see for
instance Gr�eediac and Vautrin (1990), Gr�eediac (1996a,b), Gr�eediac and Pierron (1998), Gr�eediac et al. (1999),
Pierron et al. (2000), Pierron and Gr�eediac (2000) and Gr�eediac et al. (2002)). In the above studies, the virtual
fields were however determined intuitively since no general procedure for constructing them was available.
The users of the method were therefore not sure to process the measured fields with optimized virtual fields
in terms of accuracy and stability of the identified parameters. A dramatic improvement is proposed in a
companion paper (Gr�eediac et al., 2002) in which it is proposed to construct automatically special virtual
fields that directly provide the unknown parameters. The question of finding the virtual fields can then be
solved by using a program that automatically builds them.
The present paper focuses on some of the computational aspects of the virtual fields method with special

virtual fields in the case of orthotropic in-plane properties. The principle of the construction of the special
virtual fields is recalled in the first part of the paper. Numerical simulations are then carried out to assess
the accuracy and the stability of the procedure. It is shown that an infinity of special virtual fields can be
found for each parameter. A procedure is proposed to select the optimized virtual fields which are the less
sensitive to noisy data. Such fields provide optimized identified values for the parameters. Finally, the
capability of the procedure for identifying the parameter that governs a non-linear shear response is ad-
dressed.

2. Special virtual fields for finding the four stiffnesses of an orthotropic law

Let us consider a specimen of any shape subjected to an in-plane loading (see Fig. 1). V, S and e are
respectively the volume, the external surface and the thickness of the specimen. The case of an orthotropic

Fig. 1. Plate of any shape under in-plane loading.
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elastic linear relationship is considered here for the sake of simplicity, but it must be pointed out that a
complete anisotropic law with six unknowns could be investigated with the same procedure (Gr�eediac et al.,
2002). In the same way, any non-linearity such that the stress/strain relationship may be written as a
polynomial could also be investigated with the same procedure (Gr�eediac et al., 2002), as illustrated below
through an example. In the orthotropy axes, the stress/strain relations may be written as (with the usual rule
of contracted indices: xx ! x, yy ! y, xy ! s)

rx

ry

rs

2
4

3
5 ¼

Qxx Qxy 0
Qxy Qyy 0
0 0 Qss

2
4

3
5 �x

�y
�s

2
4

3
5 ð1Þ

The goal is here to identify Qxx, Qyy , Qxy and Qss from the heterogeneous strain/stress fields that take place in
the specimen and for which no closed-form solution for the actual displacement and strain fields are
available. The global equilibrium of the specimen may be written asZ

V
r : �� dV ¼

Z
Sf

Tu� dS ð2Þ

Feeding the stress/strain relationship (1) in the above equation leads to

IxxQxx þ IyyQyy þ IxyQxy þ IssQss ¼
Z
Sf

Tiu�i dS ð3Þ

with

Ixx ¼ e
R
S �x�

�
x dS

Iyy ¼ e
R
S �y�

�
y dS

Ixy ¼ e
R
Sð�x��y þ �y�

�
xÞdS

Iss ¼ e
R
S �s�

�
s dS

8>><
>>: ð4Þ

The basic idea of the virtual fields method consists in writing Eq. (3) with different particular virtual fields
u�, �� (Gr�eediac, 1989). If as many different virtual fields as unknown parameters are found, a linear system is
obtained and inverted to get the unknowns.
One of the key-points of the method is the choice of the virtual fields since one has to choose among an

infinite number of possibilities. In the above references, those fields were chosen intuitively or following
some empirical rules. For instance, the virtual fields were such that some components in the matrix of the
linear system were zero. Then the linear equations were partially uncoupled. In a companion paper
(Gr�eediac et al., 2002), it is shown that some virtual fields called special virtual fields render the matrix of
linear system equal to unity, leading therefore to a direct identification of the unknown parameters. These
special virtual fields are denoted hereafter ûu�, �̂��. The idea is to use the principle of virtual work with those
special virtual fields such that three of the four Iij’s are zero whereas the fourth one is equal to 1 m3. This
leads to a direct determination of the parameter which coefficient is 1 in Eq. (3). Since four material pa-
rameters are to be determined, the problem is to find four special virtual fields ûu�ðiÞ, i ¼ 1; . . . ; 4 such that

with ûu�ð1Þ : Ixx ¼ 1; Iyy ¼ Ixy ¼ Iss ¼ 0 and Qxx ¼
R
Sf
Tiûu

�ð1Þ
i dS

with ûu�ð2Þ : Iyy ¼ 1; Ixx ¼ Ixy ¼ Iss ¼ 0 and Qyy ¼
R
Sf
Tiûu

�ð2Þ
i dS

with ûu�ð3Þ : Ixy ¼ 1; Ixx ¼ Iyy ¼ Iss ¼ 0 and Qxy ¼
R
Sf
Tiûu

�ð3Þ
i dS

with ûu�ð4Þ : Iss ¼ 1; Ixx ¼ Iyy ¼ Ixy ¼ 0 and Qss ¼
R
Sf
Tiûu

�ð4Þ
i dS

8>>>>>><
>>>>>>:

ð5Þ
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In each case, the unknown parameter is equal to the virtual work of the applied loading. ûu�ð1Þ directly
provides Qxx, ûu

�ð2Þ directly provides Qyy , ûu
�ð3Þ directly provides Qxy and ûu�ð4Þ directly provides Qss.

In Ref. Gr�eediac et al. (2002), a general procedure for constructing the special virtual fields is proposed.
The aim is here to examine the practical implementation of this procedure for a particular testing con-
figuration: a short beam in a Iosipescu fixture (see Fig. 2). Such a configuration can be tested in practice
with a suitable testing device (Pierron and Vautrin, 1994). Heterogeneous strain/stress fields take places in
the central part S0 of the specimen and no closed-form solution is available. Previous work on this geometry
has been recently carried out (Pierron and Gr�eediac, 2000; Gr�eediac et al., 2001), but the virtual fields were
found intuitively and one could not find uncoupled equations in the principal matrix of the linear system.
The objective is here to test the capability of the method for finding automatically the special virtual fields.

3. Construction of the special virtual fields

3.1. Constraints under which the special virtual fields must be built

Let us now examine the properties that must satisfy the special virtual fields ûu� to be determined. As
explained in Ref. Gr�eediac et al. (2002), those fields must obey three conditions. Two extra conditions must
also be satisfied if only one part of the actual strain field is measured. The three first conditions are

• Condition 1: The special virtual fields must be kinematically admissible. Hence,

8M 2 Su; ûu�ðMÞ ¼ 0 ð6Þ
• Condition 2: For each unknown stiffness, the special virtual fields must verify the four fundamental
equalities in Eq. (5). For instance, ûu�ð1Þ is such that the first four equalities in Eq. (5) are verified.

• Condition 3: In general, only the resulting force along the vertical direction is known but the distribution
of the applied loading remains unknown. Then the special virtual fields must be such that the virtual dis-
placement of Sf is vertical and constant. Hence the virtual work of the applied load is simply the value of
the resulting force multiplied by this constant.
In the present case, it is assumed that the actual strain field is known over the central part S0 of S only.

Such a case arises in practice when a CCD camera is used and captures only a part of the actual strain field.
Then, two additional conditions must also be verified in this case:

Fig. 2. Tested specimen.
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• Condition 4: The special virtual fields must only give rise to non-zero virtual strain components inside
S0 and must be solid-rigid like outside S0 (i.e. they must give rise to zero virtual strain components out-
side S0).

• Condition 5: The special virtual fields must be continuous along the boundary between S1 and S0 as well
as between S2 and S0.

Let us now examine the automatic construction of the special virtual fields through the use of the five above
conditions.

3.2. Right-hand side grip

3.2.1. Condition 4
Condition 4 must be verified. The virtual field must therefore be solid-rigid like over S2. Then, the virtual

strain field satisfies

�̂��xðMÞ ¼ 0
�̂��yðMÞ ¼ 0 8M 2 S2
�̂��s ðMÞ ¼ 0

8><
>: ð7Þ

The virtual displacement field is deduced by integration

ûu�xðMÞ ¼ ay þ b
ûu�yðMÞ ¼ 
axþ c 8M 2 S2

(
ð8Þ

where a, b and c are constants.

3.2.2. Condition 3
After condition 3, the virtual displacement of Sf must be vertical only. Since it has been shown above

that the virtual displacement over S2 is solid-rigid like, it is a trivial matter to see that a, b and c must satisfy

a ¼ 0; b ¼ 0; c 6¼ 0 ð9Þ

Consequently, the whole part S2 is subjected to a virtual vertical translation.

3.3. Left-hand side grip

3.3.1. Condition 4
Condition 4 must be satisfied. The virtual field must therefore be solid-rigid like over S1 (see Fig. 2).

Then, the virtual strain field satisfies

�̂��xðMÞ ¼ 0
�̂��yðMÞ ¼ 0 8M 2 S1
�̂��s ðMÞ ¼ 0

8><
>: ð10Þ

The virtual displacement field is deduced by integration

ûu�xðMÞ ¼ a0y þ b0

ûu�yðMÞ ¼ 
a0xþ c0 8M 2 S1

(
ð11Þ

where a0, b0 and c0 are constants.
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3.3.2. Condition 3
After condition 3, the virtual displacement of the contact line between the specimen and the left-hand

side grip must be 0. Since it has been shown above that the virtual displacement over S1 must be solid-rigid
like, it is a trivial matter to see that a0, b0 and c0 must satisfy

a0 ¼ 0; b0 ¼ 0; c0 ¼ 0 ð12Þ

Consequently, the left-hand side grip does not virtually move.

3.4. Central part S0

3.4.1. Condition 5
Since the special virtual field must be continuous between S0 and S2, the virtual horizontal displacement

must be zero at the boundary between S0 and S2 (see Fig. 2)

ûu�xðL; yÞ ¼ 0 8y 2
�

 h
2
;
h
2



ð13Þ

For the same reason, the vertical displacement must be constant along this boundary

ûu�yðL; yÞ ¼ constant 8y 2 
h
2

;
h
2

� 

ð14Þ

which implies

�̂��yðL; yÞ ¼ 0 8y 2 
h
2

;
h
2

� 

ð15Þ

In the same way, since the special virtual field must be continuous between S0 and S1, the virtual horizontal
and vertical displacements must be zero along the boundary between S0 and S1.

ûu�xð0; yÞ ¼ ûu�yð0; yÞ ¼ 0 8y 2
�

 h
2
;
h
2



ð16Þ

3.4.2. Condition 2
The explicit form of the virtual displacement field must be known to determine the virtual strain field and

the equations deduced from condition 2. The aim of the following section is therefore to propose a general
expression for the special virtual displacement field.

3.5. Choice of a basis and general expression of the virtual fields

According to Ref. Gr�eediac et al. (2002), it is proposed to write the special virtual displacement fields in
the central part S0 as follows

ûu�x ¼
xðx
LÞ
L2

Pm
i¼0

Pn
j¼0

Aij
x
L

� �i y
H

� �j !

ûu�y ¼ x
L

Pp
i¼0

Pq
j¼0

Bij
x
L

� �i y
H

� �j !
8>>>><
>>>>:

ð17Þ

where the Aij’s and the Bij’s are coefficients given in m. It can be checked that the conditions in Eqs. (13)–
(16) are verified with such a choice. Eq. (15) leads to
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�̂��yðL; yÞ ¼
Xp
i¼0

Xq
j¼1

jBij
y
H

� �j
1 !
¼ 0 8y 2 
h

2
;
h
2

� 

ð18Þ

since this equality must be satisfied 8y 2 
h
2
; h
2

� �
. Then, we can write

Xp
i¼0

Bij ¼ 0 8j 2 ½1; q
 ð19Þ

Hence, we obtain q linear equations where the Bij’s are the unknowns. These q linear equations must be
added to the four provided by condition 2.

3.6. Equations provided by condition 2 and final linear system

The special virtual strain components are easily deduced by differentiation of the special virtual dis-
placement field

�̂��x ¼ 2x
L
L2

Pm
i¼0

Pn
j¼0

Aij
x
L

� �i y
H

� �j !
þ xðx
LÞ

L2
Pm
i¼1

Pn
j¼0

iAij
x
L

� �i
1 y
H

� �j !

�̂��y ¼ x
L

Pp
i¼0

Pq
j¼1

jBij
x
L

� �i y
H

� �j
1 !

�̂��s ¼
xðx
LÞ
L2

Pm
i¼0

Pn
j¼1

jAij
x
L

� �i y
H

� �j
1 !
þ 1

L

Pp
i¼0

Pq
j¼0

Bij
x
L

� �i y
H

� �j !
þ x

L

Pp
i¼1

Pq
j¼0

iBij
x
L

� �i
1 y
H

� �j !

8>>>>>>>>><
>>>>>>>>>:

ð20Þ

Substituting the above expressions of the virtual strain components in Eq. (5) provides four equations
where the Aij’s and the Bij’s are the unknowns. These four equations are not reported here for the sake of
legibility.
Eventually, a linear system of 4þ q equations where the Aij’s and the Bij’s are the unknowns is obtained

DY ¼ E ð21Þ

where D is a rectangular matrix with as many columns as unknown coefficients Aij’s and Bij’s. Its number of
rows depends on the number of monomials used in the virtual displacement field, E is a vector where
components are equal to 0 or 1 and Y is a vector whose components are the unknowns

Y :

A00
�

A01
�

Amn

B00
B01
�

Bpq

2
666666666666664

3
777777777777775

ð22Þ

Let us now examine how to solve in practice such a linear system.
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3.7. Strategy for solving the final linear system

The first step for solving the final linear system is to fix a value for m, n, p, q. In our example, it is
suggested to use m ¼ 1, n ¼ 3, p ¼ 2, q ¼ 3. This choice is justified a posteriori, with the number of rows
and columns in matrix D. In this case ðmþ 1Þ � ðnþ 1Þ þ ðp þ 1Þ � ðqþ 1Þ ¼ 2� 4þ 3� 4 ¼ 20 un-
knowns whereas 4þ q ¼ 4þ 3 ¼ 7 equations are available. This result illustrates the fact that an infinity of
solutions will be found a priori. It allows in practice the determination of many values of the unknown
stiffnesses. At this stage, the determination of the remaining coefficients Aij and Bij is carried out as follows.

N different possible square matrices may be extracted from D, with N ¼ 20!=7!ð20
 7Þ! ¼ 20!=7!13! ¼
77 520. Let G0 be the 7� 7 square matrix and G00 the matrix built up with the 20
 7 ¼ 13 remaining
columns. The dimension of G00 is 7� 13. In each of the N cases, the determinant det ðG0Þ is computed. Since
the components of D are normalized, the value of this determinant provides an information concerning the
degree of independence of the equations. Another value could be used for selecting the square matrices:
their condition number, but this approach has not been used here for numerical reasons which are not
detailed here. Eventually, only the cases in which the determinant is greater than a fixed value detmin are
kept and each of them provides a value of the identified stiffness. In these cases, the unknowns are cal-
culated as follows. The 13 columns of G00 correspond to some components of Y which values can be fixed
randomly a priori between two bounds denoted hereafter �mag. Let Y00 be the vector built up with these 13
random values and Y0 the vector built up with the seven remaining unknowns. The new linear system may
be written as

G0Y0 ¼ E
G00Y00 ð23Þ

and the seven unknowns in Y0 are finally determined by inversion of G0, since only the cases where
det G0 6¼ 0 are considered

Y0 ¼ G0
1ðE
G00Y00Þ; det G0 6¼ 0 ð24Þ

Eventually, the vectors Y0 and Y00 directly give the unknown coefficients Aij and Bij. All these coefficients are
collected and the corresponding identified stiffnesses are sorted, as will be shown below. As a conclusion,
the procedure is summed up in the flow-chart in Fig. 3.
The program has been developed in practice with the Matlab package. The above procedure carried out

with a typical example like those presented below requires about 3mn with a Pentium III 866 MHz/512 MB
RAM.

3.8. Simple expression of the unknown parameters

It must be emphasized that with such virtual fields in Eq. (17), the virtual work of the external loading,
which is the right-hand side in Eq. (3), may be written very simplyZ

Sf

Tiûu�i dS ¼ ðB00 þ B10 þ B20Þ � F ð25Þ

Let us consider for instance the particular case where Qxx is to be determined. We can easily deduce from
Eq. (17) a very simple expression for the unknown Qxx

Qxx ¼ ðB00 þ B10 þ B20Þ � F ð26Þ

It is relevant to note that in the present case, the mechanical parameter to be determined only depends on
three coefficients: B00, B10 and B20, which are three of the 20 coefficients that characterize the special virtual
field for Qxx.
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4. Numerical simulations

4.1. Finite element model

Since this paper only focuses on the identification method and on the automatic determination of the
virtual fields, no experimental data are presently processed. The strain fields are obtained with finite element
simulations. The materials tested are reported in Table 1. The fourth one exhibits non-linear behavior. In
the following sections, the strain fields corresponding to materials 1 and 4 are obtained with the CASTEM
2000 package whereas those corresponding to materials 2 and 3 are obtained with the ANSYS package.

Fig. 3. Flow-chart of the procedure for determining automatically the virtual fields.
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The model of the surface S0 exhibits 7200 triangular elements in the first case and 2400 quadrilateral linear
elements in the second case. The boundary conditions are such that the contact between the grips and the
specimen is compressive only (Ho et al., 1994).

4.2. Tuning the program

The strain components as well as the coordinates at the center of the elements of the finite element model
are first collected over S0. They are considered as simulated input data for the identification procedure. It
must be emphasized that the number of points presently considered for the calculations is much lower than
the number of points that would be processed in practice. The present mesh of S has 2400 elements whereas
a CCD grid of 1000� 1000 pixels would provide up to 106 experimental values. It is clear that this extra
information would improve the quality of the results.
The first step is to compute all the integrals involved in matrix D. The identification procedure is then

carried out according to the flow-chart in Fig. 3. One value must be determined: detmin, the threshold value
over which the inversion of G0 is done. In order to fix detmin, the program is run once. The N values of the
determinants det G0 are collected. As explained above, det G0 is an indicator of the degree of independence
of the rows and columns in G0, and therefore an indicator on the sensitivity of the identified value to noisy
data. The value of detmin is chosen in such a way that some tens of the highest values of det G

0 are con-
sidered for the determination of the unknowns. The N values of the determinant are reported in Fig. 4. It is

Table 1

Mechanical parameters of different materials

Material # Qxx (GPa) Qyy (GPa) Qxy (GPa) Qss (GPa) Qð3Þ
ss (GPa)

1 25.94 10.37 3.11 4.00 –

2 180.36 10.02 3.01 5.00 –

3 10.02 180.36 3.01 5.00 –

4 25.94 10.37 3.11 4.00 
4420

Fig. 4. N ¼ 77 440 values of the determinant det E0.
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worth noting that det G0 is zero or very small in many cases. They correspond to the cases where two
columns or two rows at least are proportional or quasi-proportional, or to the cases where one line is zero.
This last case often occurs because of Eq. (19). In the present case, three such equations are obtained. Each
of them only involves three unknowns Bij. For instance, the first equation may be written as

B10 þ B11 þ B12 ¼ 0 ð27Þ
It corresponds to the fifth line in matrix D. If one of the columns in D corresponding to the unknowns B10,
B11 and B12 is not in G0, a line of zeros appears in G0 and det G0 ¼ 0. This case often occurs since the fifth
line in D has at most three non-zero terms and at least 20
 3 ¼ 17 zeros.
The value of detmin is chosen just below the maximum value of the determinant: 8� 10
41 in the present

case. This choice could be done automatically, for instance by choosing 10% of the maximum value of the
determinant. In practice, only 282 values are presently collected from the N ¼ 77 440 combinations of
columns, that is 2.47%. It means that 282 values of Qxx, Qyy , Qxy and Qss are available. To obtain either Qxx,
Qyy , Qxy or Qss, only the location of the ‘‘1’’ in the first four components in vector E in Eq. (21) is changed,
according to Eq. (5). For instance, for finding Qxx: E1 ¼ 1, E2 ¼ E3 ¼ E4 ¼ 0, for finding Qyy : E2 ¼ 1,
E1 ¼ E3 ¼ E4 ¼ 0 etc. . .

4.3. Examples of special virtual fields

The program has been run with the detmin ¼ 8� 10
41 and mag ¼ 0. Each of these 282 cases provides a
value for Qxx, Qyy , Qxy and Qss. The mean, minimum and maximum values of each of these parameters are
reported in Table 2. As can be observed, the difference between both the minimum and the maximum values
is very small, showing a very good coherence in the results.
The 50 first fields obtained for each of these stiffnesses are plotted in Fig. 5. Several points are worth

noting.

• Each unknown stiffness Qxx, Qyy , Qxy and Qss is equal to the external virtual work obtained with the four
special virtual fields in Fig. 5(a)–(d) respectively. Each unknown is therefore directly proportional to the
virtual displacement of the right-hand side grip since the loading is applied on this side of the specimen.
Indeed, it can be observed that the vertical virtual displacement of the right-hand grip is the greatest in
case (a), then in case (b), then in case (d) and finally in case (c), according to the value of the reference
stiffnesses of material 1 (Table 1).

• For each stiffness component, all the special virtual fields provide about the same value of the virtual
displacement of the right-hand grip. This clearly illustrates the very low scatter of the identified values.

• For each stiffness component, the special virtual fields are very similar and correspond to some small
variations about an ‘‘average’’ field.

• It clearly appears that the global distortion of the fields depends on the stiffness. ‘‘Distortion’’ means
here that the virtual vertical displacement of the right-hand grip is small whereas the vertical or horizon-
tal virtual displacement of some points in the central part of the specimen is very large. It has been ob-
served that this feature is directly related to the influence of each parameter on the actual field. The more

Table 2

Identified stiffnesses without noise, material 1

Material Qxx (GPa) Qyy (GPa) Qxy (GPa) Qss (GPa)

Reference 25.94 10.37 3.11 4.00

Identified min 25.96 10.14 3.03 4.00

Identified mean 25.97 10.24 3.10 4.00

Identified max 26.01 10.27 3.11 4.00
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influential the parameter in the actual field is, the less the distortion is. It will be shown below that this
feature is also directly related to the stability of the results.

4.4. Stability of the results

A very important point in this type of inverse problem is the sensitivity to noisy data. Two types of errors
were considered in this work. First, a white noise was added to the strain values provided by the finite
element program. It was observed that the identified stiffnesses were only very slightly affected by this noise.
The reason is certainly the ‘‘average effect’’ that occurs when the integrals are computed. These results are
therefore not discussed here.
Another type of error is more relevant: the influence of a shift in the coordinate system. This type of

error is similar to the error which occurs in practice since the actual field is expected to be captured by a
CCD camera. The data are therefore processed in the basis of the model that not necessarily matches the
basis of the specimen since a shift may occur between these two bases. The influence of such an error on
the identified parameters can be assessed by adding a constant value to the coordinates of the points where
the strain components are provided by the finite element program. In the present study, this constant is
equal to a percentage p of the length L and the height H. Four cases have been studied: p ¼ 1%, 2%, 3%,
4%. In each case, a constant value p � L is added to the x-coordinate of the points in the calculation of the
integrals that are used to build up matrix D. In the same way, a constant value p � H is added to the y-
coordinate of the points. The same procedure as above was carried out and the identified parameters were
collected. It was observed that the scatter of the results increased with p, i.e. the difference between the
maximum and the minimum of each stiffness component increased. The distribution about the actual value

Fig. 5. Special virtual fields for each of the four stiffnesses, material 1.
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is not regular, as schematically illustrated in Fig. 6. At this stage, the problem is to find the ‘‘optimal’’ value
among all identified values. Two methods can be considered for that:

• Method 1: The first method is to compute the average of the distribution. The results obtained in a par-
ticular case, p ¼ 4%, are reported in Table 3, row 2.

• Method 2: It was observed that the distribution about each of the reference values was not uniform (see
Fig. 6). Let us consider that the optimized stiffness is the value provided by a special virtual field which is
the less sensitive to a shift. To find it, we compute first the variation of each stiffness DQij when the shift p
increases by 1%

DQij ¼ QijðpÞ 
 Qijðp þ 1%Þ ð28Þ

The ‘‘score’’ Scðûu�Þ of each special field ûu� is then assessed by the following quantity

Sc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DQ2

xx þ DQ2
yy þ DQ2

xy þ DQ2
ss

q
ð29Þ

The optimized virtual field is the special virtual field that exhibits the lowest score. It corresponds to the
virtual field that is the less sensitive to a shift. In practice, the score of each of the 282 special virtual fields is
computed and the optimized field is detected with the lowest score Sc. Six distributions only have been
schematically reported in Fig. 6 for the sake of legibility. They are plotted vs. the shift p. It clearly appears
that the identified values are not uniformly distributed about the actual value. For each stiffness, the av-
erage is therefore lower than the value that exhibits the lowest variation DQij.

Fig. 6. Typical influence of a shift on an identified stiffness.

Table 3

Identified stiffnesses with a shift p ¼ 4%, material 1

Material Qxx (GPa) Qyy (GPa) Qxy (GPa) Qss (GPa)

Reference 25.94 10.37 3.11 4.00

Method 1 22.13 13.31 2.65 3.74


14.3% 28.3% 
14.8% 
1.5%
Method 2 25.71 11.38 3.08 4.00


0.5% 9.7% 
1% 0%
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The results obtained with this second method are also reported in Table 3, row 3. They clearly illustrate
the efficiency of this second method. The 50 first virtual fields found in the case p ¼ 4% are plotted in Fig. 7
to illustrate the scatter of the special virtual fields. Bearing in mind that the identified stiffnesses are equal in
each case to the external virtual work, the distribution of these identified stiffnesses is directly related to the
distribution of the virtual vertical displacements of the right-hand side grip. The graphical results in Fig. 7
are in good agreement with the result in Table 3 and the scatter of each of the four stiffnesses clearly appears
through the scatter of the vertical virtual displacement of the right-hand side grip.
Finally, the expression of the optimized virtual fields ûu�ð1Þ, ûu�ð2Þ, ûu�ð3Þ and ûu�ð4Þ is given below. They di-

rectly provide the optimized values of the stiffnesses in Table 3, row 3.

ûu�ð1Þx ¼ xðx
LÞ
L2 5:91
 6:56 y

L

� �
� 105

ûu�ð1Þy ¼ 
1:63� x
L � 105

ûu�ð2Þx ¼ xðx
LÞ
L2 
 0:2387
 0:0095 y

H

� �
� 106

ûu�ð2Þy ¼ x
L 
 0:0719 
 1:6781 y

H 1
 x
L

� �� �
� 106

ûu�ð3Þx ¼ xðx
LÞ
L2 
 1:98
 0:0785 y

H

� �
� 106

ûu�ð3Þy ¼ 0:0194� x
L � 106

ûu�ð4Þx ¼ 0

ûu�ð4Þy ¼ 
2:526� x
L � 104

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð30Þ

Fig. 7. Special virtual fields for each of the four stiffnesses, material 1, p ¼ 4%.
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As can be seen, only a basis of five monomials among the 20 in Eq. (17) are necessary to build the optimized
virtual fields: 1 and y=H for u�x ; 1, y=H and xy=LH for ûu�y . The five corresponding coefficients A00, A01, B00,
B01 and B11 are determined for each special virtual field ûu�ð1Þ, ûu�ð2Þ, ûu�ð3Þ, and ûu�ð4Þ. It should be noted that the
second one is the more complicated one and corresponds to the stiffness component which is the most
sensitive to noisy data. It can be observed that the fourth virtual field is rather simple, since it leads to a
constant virtual shear strain. It corresponds to the stiffness component which is the less sensitive to noisy
data. Such a simple virtual field was guessed in a previous work to obtain directly Qss (Pierron and Gr�eediac,
2000; Gr�eediac et al., 2001). On the other hand, the three other fields cannot be easily guessed a priori. The
link between the number of terms in the virtual field, the power of the monomials and the stability and the
accuracy of the results can be clearly observed. This feature was already detected in the early developments
of the virtual fields method (Gr�eediac and Vautrin, 1990). Finally, the optimized virtual fields found with
method 2 are plotted in Fig. 8.

4.5. Influence of the magnitude mag of the coefficients fixed a priori

The magnitude mag of the coefficients fixed randomly a priori was set to zero in the above simulations.
The effect of a non-zero magnitude is illustrated in Fig. 9, where the 25 first virtual fields obtained with a
shift p ¼ 4% and a magnitude mag ¼ 2� 106 instead of 0 are plotted. As can be clearly seen, the scatter is
much higher than in Fig. 7, because of additional terms in the expression of the special virtual fields. It has
been observed that these new virtual fields do not provide any additional information, but rather an ad-
ditional noise. This is directly related to the observation that the stability and the accuracy of the identi-
fication are related to the simplicity of the virtual fields, as observed above. For this reason, the parameter
mag is always set to zero in the following.

Fig. 8. Optimized virtual fields, material 1, p ¼ 4%.
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4.6. Influence of the anisotropy

4.6.1. Introduction
Other materials were tested to examine the influence of the anisotropy. Their mechanical properties are

reported in Table 1. These materials correspond to a unidirectional graphite/epoxy composite (i.e. a very
anisotropic material) (Tsai and Hahn, 1980) which fibers are oriented either at 0� or at 90�.

4.6.2. Fibers at 0�
The fibers are first aligned with the x-axis of the specimen. Method 2 above has been applied and

the results are reported in Table 4. As can be seen, the influence of a shift on the stiffnesses is very small.
The most sensitive coefficient is Qyy . The optimized virtual fields corresponding to the four stiffnesses are
plotted in Fig. 10. The difference between the orders of magnitude between the stiffnesses is clearly visible,
since the virtual displacement of the right-hand side grip is much more important in case (a), which is the
case of the virtual field that directly provides Qxx. For this material, the four optimized virtual fields may be
written as

ûu�ð1Þx ¼ xðx
LÞ
L2 0:434 x

L 
 1:003 y
L

� �
� 106

ûu�ð1Þy ¼ 
0:2484� x
L � 105

ûu�ð2Þx ¼ xðx
LÞ
L2 
 0:0028 y

H 
 0:0201 x
H

� �
� 105

ûu�ð2Þy ¼ x
L 
 0:1506 
 2:917 y

H 1
 x
L

� �� �
� 106

ûu�ð3Þx ¼ xðx
LÞ
L2 
 1:2072 x

L 
 0:1672 y
H

� �
� 105

ûu�ð3Þy ¼ 
0:0414� x
L � 106

ûu�ð4Þx ¼ 0

ûuð4Þy ¼ 
6:526� x
L � 103

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð31Þ

The polynomials used for this material are similar to the polynomials used for the previous material:
only 1 has been changed into x=L in the expression of ûu�x . As an example, both the actual �x and the virtual
�̂��ð1Þx strain fields are plotted in Fig. 11(a) and (b) respectively. As can be seen, both of them are very dif-
ferent. The product �̂��ð1Þx � �x is plotted in Fig. 11(c). It clearly appears that the strain field is mainly involved
near the corners of the central part of the specimen. This is due to the fact that the actual strain component
is important in the vicinity of the corners because of the contact with the supports. To avoid this, other
calculations should be performed with a reduced part of the central zone, far away from the supports.
Theoretically, the special strain field is such that

R
S �̂�

�ð1Þ
x �x dS ¼ 1 (see the first set of equalities in Eq. (5)). It

can be verified that we obtain in the present case 0.9922 instead of 1 because of numerical approximations.
In the same way, it has been checked that the average of the virtual strain ð1=SÞ

R
S �

�ð1Þ
x dS is very close to

zero since the virtual horizontal displacement at x ¼ 0 and x ¼ L are zero.

4.6.3. Fibers at 90�: influence of the actual field
The fibers are then considered to lie in the y-axis. The results are reported in Table 5, row L ¼ 30 mm. As

can be seen, the identified stiffnesses are no more realistic beyond p ¼ 2%. The probable reason is the very
low influence of the stiffness along the fibers in such a configuration. A close inspection of the actual strain
fields shows that the magnitude of the transverse normal strain �y is very low compared to the two other
strain components. Another simulation has been performed with L ¼ 10 mm: the distance between the grips
has been reduced, as allowed in practice by the setup described in Pierron and Vautrin (1997). It has been
observed that the actual strain components are much more balanced. The identified stiffnesses are reported
in Table 5, row L ¼ 10 mm. As can be seen, the identified values are more stable than in the above case. In
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conclusion, it is clear that the actual stress/strain fields directly influence the accuracy and the stability of
the results: mechanical configurations with a balanced influence of each mechanical parameters are
probably the most suitable for such an identification procedure.

4.7. Identification of a coefficient governing a non-linear response

The above example deals with elastic linear responses of composite materials. However, such materials
often exhibit a non-linear response, mainly in shear. The idea here is to examine the capability of the present

Table 4

Identified stiffnesses, material 2

p (%) Qxx (GPa) Qyy (GPa) Qxy (GPa) Qss (GPa)

Reference 180.36 10.02 3.01 5.00

0 181.19 10.02 3.02 5.00


0.09% 0% 0.03% 0%

1 181.08 10.07 3.02 5.00


0.15% 0.5% 0.03% 0%

2 180.70 10.23 3.00 5.00


0.36% 2.1% 
0.03% 0%

3 180.21 10.50 3.00 5.00


0.63% 4.8% 
0.03% 0%

4 179.45 10.88 2.99 5.00


1.05% 8.58% 
0.07% 0%

Fig. 9. Special virtual fields, material 1, p ¼ 4%, mag ¼ 2� 106.
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approach to identify a parameter governing a non-linear shear response in the case of material 1. The shear
stress/strain response is presently written as

rs ¼ Qss�s þ Qð3Þ
ss �

3
s ð32Þ

Such a polynomial law was found to fit correctly the shear response of a glass/epoxy composite studied in
Refs. Cerisier (1997) and Swansson et al. (1985). The mechanical characteristics of this material are re-
ported in Table 1 (material 4). The shear stress/strain curve is plotted in Fig. 12 and the goal is here to
retrieve Qð3Þ

ss that govern the softening of the shear response as well as the four other parameters. It should
be emphasized that the whole curve in Fig. 12 is present in the global response of the specimen, since the
shear stress is zero at the free edge and maximum at the center of the specimen if the load level is well
chosen. One can therefore expect to identify correctly the parameter that governs the softening of the curve.
As a first attempt, the virtual fields method was applied with a set of virtual fields found intuitively (Gr�eediac
et al., 2001). It was somewhat difficult to find five independent virtual fields, and one had to consider several
actual fields to obtain acceptable results in terms of stability. The above method is presently applied to find
Qð3Þ

ss from data supplied by the finite element simulation. In this case, the principle of virtual field may be
written as

IxxQxx þ IyyQyy þ IxyQxy þ IssQss þ I ð3Þss Qð3Þ
ss ¼

Z
oS1

Tiu�i ð33Þ

with

I ð3Þss ¼
Z
S
�3s �

�
s dS ð34Þ

Fig. 10. Optimized virtual fields, material 2, p ¼ 4%.
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As explained in Ref. Gr�eediac et al. (2001), the central part of the specimen is presently about 80% of the
central part processed in the case of elasticity for numerical reason. Indeed, the cubic law is followed by a
linear response (see Fig. 12). Since some local high values of the stress occur near the grip, they correspond
to this linear response. Strain data collected in this part of the specimen are therefore not suited to the
identification of the parameter which governs the cubic part of the law and are consequently removed from
the processed data.
If one wishes to find a virtual field ûu�ð5Þ which directly provides Qð3Þ

ss by filtering the actual field, condition
2 in Section 3.1 provides a fifth set of equations between the coefficients of the polynomials, that is

u�ð5Þ : I ð3Þss ¼ 1; Ixx ¼ Iyy ¼ Ixy ¼ Iss ¼ 0 ð35Þ

Consequently, matrix D has now eight lines instead of seven in the above sections, and the dimension of
the final square matrix G0 is eight instead of seven. The number of column combinations is here N ¼
20!=8!ð20
 8Þ! ¼ 20!=8!12! ¼ 125970. The values of the parameters identified with method 2 are reported
in Table 6 vs. the shift p. As a general remark, the mechanical parameters are obtained with a higher
sensitivity to noisy data than in the case of linear elasticity. The stability however remains acceptable. Note
finally that Qð3Þ

ss , which governs the non-linear response, is always lower than the reference value. A possible
reason is the fact that the number of iterations in the finite element calculations was not sufficient to model

Fig. 11. Actual strain field �̂��ð1Þx and virtual strain field �x, material 2, p ¼ 4%.
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Table 5

Identified stiffnesses, material 3

p (%) L (mm) Qxx (GPa) Qyy (GPa) Qxy (GPa) Qss (GPa)

Reference – 10.02 180.36 3.01 5.00

0 30 10.06 172.64 2.85 5.00

0.4% 
4.3% 
5.3% 0%

10 10.10 172.30 3.04 5.00

0.9% 
4.5% 1.0% 0%

1 30 9.76 170.74 3.32 4.85


2.6% 
5.3% 10.3% 
3.0%
10 9.80 168.85 2.95 5.00


2.1% 
6.4% 
2% 
2.8%
2 30 9.46 173.37 <0 4.70


5.6% 
3.9% – 
5.8%
10 9.50 168.37 2.85 5.00


5.1% 
6.6% 
5.3% 
5.8%
3 30 9.44 <0 <0 4.70


5.8% – – 
5.8%
10 9.20 170.79 2.76 4.58


8.1% 
5.3% 
8.3% 
8.4%

Fig. 12. Cubic law (Gr�eediac et al., 2001).

Table 6

Identified parameters, material 4

p (%) Qxx (GPa) Qyy (GPa) Qxy (GPa) Qss (GPa) Abs(Qð3Þ
ss ) (GPa)

Reference 25.94 10.37 3.11 4.00 4420

1 26.90 9.58 2.24 4.02 4192

3.70% 
7.6% 
28.% 0.5% 
5.2%
2 27.25 9.78 3.91 4.01 4116

5.1% 
5.7% 25.7% 0.3% 
6.5%
3 27.23 9.74 3.75 4.01 4155

5.0% 
6.1% 20.58% 0.3% 
6.0%
4 27.13 9.72 3.47 4.02 4169

4.6% 
6.3% 11.6% 0.5% 
5.7%
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correctly the non-linear response of the material. In fact, both the present identification method and the
finite element program that provides the simulated experimental data are tested simultaneously.
The corresponding optimized virtual fields obtained at p ¼ 4% are plotted in Fig. 13. For the sake of

legibility, Qð3Þ
ss has been divided by 
1000 to obtain virtual displacements comparable to other ones. The

four first virtual fields in Fig. 13 are very similar to those obtained in the above section. The fifth one
directly provides Qð3Þ

ss . It is worth noting that this virtual field induces a virtual warping of the sections
which vanishes near the left and right-hand side boundaries.
Contrary to the preceding case, it was presently observed that two types of special virtual fields could be

distinguished, as can be seen in Fig. 13(f) in the case of Qð3Þ
ss . On close inspection, it was observed that the

first type corresponds to the cases where two parameters among B00, B10 and B20 are zero (these three
parameters provide the unknown parameters, see Eq. (26) in the case of Qxx). The second type corresponds
to the cases where one parameter only among B00, B10 and B20 is zero. In the former case, the unknown

Fig. 13. Optimized virtual fields, material 4, p ¼ 4% and 12 first virtual fields obtained for Qð3Þ
ss (f).
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parameter is directly proportional to the difference between two non-zero values, since it was observed that
the magnitude of these two coefficients was very close but their signs were opposite. Hence any slight
variation of these two non-zero coefficients provides an important variation of the parameter to be iden-
tified. Eventually, this first type of virtual fields leads to unstable values for the unknown parameters. This
is confirmed by the optimized virtual field in Fig. 13(e) which belongs to the second type of virtual fields.
These five special virtual fields may be written as

ûu�ð1Þx ¼ xðx
LÞ
L2 0:789
 3:61 xy

LH 
 1:26 xy3

LH3

� �
� 105

ûu�ð1Þy ¼ 
0:398� x
L � 105

ûu�ð2Þx ¼ xðx
LÞ
L2 0:054þ 0:45 xy

LH 
 2:70 xy3

LH3

� �
� 105

ûu�ð2Þy ¼ x
L 
 0:014 x

L 
 0:844 y
H 1
 x2

L2

� �� �
� 106

ûu�ð3Þx ¼ xðx
LÞ
L2 3:51
 0:461 xy

LH 
 0:16 xy3

LH3

� �
� 105

ûu�ð3Þy ¼ 
0:051� x
L � 106

ûu�ð4Þx ¼ xðx
LÞ
L2 0:03
 1:12 xy

LH þ 6:66 xy3

LH3

� �
� 105

ûu�ð4Þy ¼ 
0:059� x
L � 103

ûu�ð5Þx ¼ xðx
LÞ
L2 
 0:0176
 0:65 xy

LH þ 3:85 xy3

LH3

� �
� 105

ûu�ð5Þy ¼ 
0:006� x
L � 106

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

ð36Þ

As can be stated, six monomials are used to build up the virtual fields, instead of five in the preceding cases.
In the present case, 1, xy=LH , xy3=LH 3 are used for u�x and x=L, y=H , x2y=L2H for u�y . The fact that the
present results are presently more sensitive to noisy data than in the case of the linear response is in
agreement with the above results. Indeed, the virtual fields are presently slightly more complicated (six
monomials instead of five in the case of linearity) and it was observed in some previous studies that the
number of monomials and the maximum power of their monomials were related to the stability of the
results, as recalled above.
The present results are finally compared in a typical case to the parameters identified with a set of five

virtual fields found intuitively (Gr�eediac et al., 2001) (see Table 7). It is clear that the present identified
parameters are much more stable than the parameters found in Gr�eediac et al. (2001). This result confirms
the relevance of the present approach.

Table 7

Identified parameters, material 4: Comparison with results obtained with virtual fields found intuitively ðafter Refs. Gr�eediac et al.
(2001, 2002)Þ

p (%) Qxx (GPa) Qyy (GPa) Qxy (GPa) Qss (GPa) Abs(Qð3Þ
ss ) (GPa)

Reference 25.94 10.37 3.11 4.00 4420

Present work

2 27.25 9.78 3.91 4.01 4116

5.1% 
5.7% 25.7% 0.3% 
6.5%

Refs. Gr�eediac et al. (2001, 2002)
12
512

� 2:3% 25.60 12.29 1.3 3.89 3665


1.3% 18.5% 
59.5% 
2.6% 
17%
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5. Conclusion

The virtual fields method with special virtual fields allows a direct identification of parameters governing
constitutive equations from heterogeneous strain fields. In this paper, the practical determination of the
special virtual fields is carried out when the in-plane stiffnesses of orthotropic material are to be identified.
Some numerical simulations have been carried to assess the feasibility, the accuracy and the stability of the
method. The main conclusions are:

• Contrary to the procedure based on the updating of finite element models, the virtual fields method does
not require any iterative calculations and the whole set of experimental points is taken into account: the
input data is the actual field itself.

• The main improvement of the method here is to propose a procedure to find special virtual fields that
separately provide the unknowns, i.e. independently one to the others.

• For each unknown, the special virtual fields behave like filters that extract the unknown from the mea-
sured actual virtual fields.

• These filters are presently chosen in such a way that only the central part of the actual strain field is pro-
cessed. They can also eliminate some unknown information concerning the loading: for instance, only
the resultant of the applied loading is considered, and not its distribution along the boundary of the
grips.

• Each unknown mechanical parameter is equal to the virtual work produced by its associated special vir-
tual fields.

• There exists an infinite number of special virtual fields per unknown parameters among which an opti-
mized one is selected. The selection is based on the stability of the identified parameter to noisy data.

• The results of the simulations confirm the link between the stability of the results and the simplicity of
the virtual fields in terms of number and degree of the monomials.

Some issues will be addressed in the near future:

• A parameter governing the non-linear shear response of a composite has been identified in the present
work. This result is important and allows further developments in which parameters governing the dam-
age of such materials can be identified.

• Coupling terms (either shear coupling terms or the stiffnesses that govern the in-plane/bending coupling)
could also be determined with the present approach.

• Since the method is developed for specimens of any shape, it could be applied to other geometries and
loading conditions for which the mechanical setup is simpler than the Iosipescu fixture.

• Polynomials were used to build up the virtual fields, but the suitability of other types of functions should
be tested: sine or piecewise functions defined over the surface of the specimen to give more freedom to
the virtual fields.

• It should also be relevant to find a simple criterion to obtain some information on the ‘‘identifiability’’ of
the unknown parameters: it is clear that any identification method could not find a parameter which
would not be involved in the actual stress/strain fields.
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